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§ '. Abstract 

O 

Five-branes lead in four dimensions to massless A^ = 1 supermultiplets 

if M-theory is compactified on S'^/Z2X (a Calabi-Yau threefold). One of 
Qh! them describes the modulus associated with the position of the five-brane 

(-H \ along the circle S^ . We derive the effective four-dimensional supergravity 

of this multiplet and its coupling to bulk moduli and to Yang-Mills and 
charged matter multiplets located on Z2 fixed planes. The dynamics of 
the five-brane modes is obtained by reduction and supersymmetrization of 
5^ \ the covariant five-brane bosonic action. Our construction respects all sym- 

metries of M-theory, including the self-duality of the brane antisymmetric 
tensor. Corrections to gauge couplings are strongly constrained by this self- 
duality property. The brane contribution to the effective scalar potential is 
formally similar to a renormalization of the dilaton. The vacuum structure 
is not modified. Altogether, the impact of the five-brane modulus on the 
effective supergravity is reminiscent of string one-loop corrections produced 
by standard compactification moduli. 
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1 Introduction 

Compactification of M-theory on 

07 = X6X5VZ2, (1.1) 

with a Calabi-Yau threefold Xg, leads to A^ = 1 supersymmetry in four space-time 
dimensions. Five-branes configurations preserve this supersymmetry if their world- 
volume We is suitably aligned: it should enclose four- dimensional Minkowski space Ai^ 
and a holomorphic two-cycle C2 in Xg |]I|, ^ Q: We = M.4, x C2. With this embedding, 
five-brane massless excitations on the world- volume, which belong to a tensor multiplet 
of chiral six-dimensional supersymmetry on We [|, §] , produce in the low-energy four- 
dimensional effective supergravity various N = 1 multiplets of massless fields. Some 
of these modes are deeply related to the Calabi-Yau geometry, and computing their 
effective theory is a very complicated task. There are however universal modes which 
can be more easily described, the most obvious example being the real scalar associated 
to the position of the five-brane on the orbifold S^/Z2. This 'universal five-brane 
modulus' will be the main subject of the present paper: we will compute its effective 
supergravity couplings to the modes of M-theory on O7 which are also perturbative 
massless states of Eg x Eg heterotic strings on Xq. In the simplest case of the standard 
embedding, these are the N = 1 supergravity and dilaton multiplets, the modulus 
of the Calabi-Yau volume, Eq x Eg gauge fields and chiral matter in representation 
(27, 1). Lukas, Ovrut and Waldram (LOW) Q have derived the effective supergravity 
for these heterotic states in a non-trivial background value of the brane modulus. Our 
goal here is to obtain a complete^] effective supergravity for the supermultiplet of the 
universal brane modulus. 

When computing an effective Lagrangian, it is usually important to respect the 
symmetries of the underlying theory. For instance, the tensor multiplet of five-brane 
excitations has an antisymmetric tensor with a self-dual field strength. This symme- 
try has important implications in four dimensions: the effective theory has a massless 
antisymmetric tensor dual to a pseudoscalar or, in terms of supermultiplets a chiral 
multiplet dual to a linear multiplet^ 0. This observation has immediate implications 
on the effective supergravity of the brane modes since only a limited class of chiral 

^Including terms with two derivatives or less. 

^This property is called 'chiral-linear duality' in the paper. 



inultiplets couplings is allowed by chiral-linear duality pj. Another example is the fact 
that M-theory on O7 can be defined by specific Bianchi identities. Their symmetry 
properties provide information on the supergravity multiplets to be used in their effec- 
tive description. In ref. 0, we have formulated the effective supergravity of M-theory 
on O7 without five-branes using Lagrange multiplier superfields to impose, by their 
field equations, these Bianchi identities and all their symmetries. This formulation is 
well adapted to the inclusion of five-brane modes. 

The construction reveals some interesting features. The contributions of the five- 
brane universal modulus are closely similar to the perturbative corrections generated 
by volume moduli |jTO|, |TI|, |12|. In particular, gauge threshold corrections arise, with a 
gauge-group independent term linked by supersymmetry to brane kinetic terms. This 
correction can be regarded as a renormalization of the dilaton field. Of course, there 
is no induced superpotential and the vacuum properties of the scalar potential are not 
severely modified. The physics impact of the five-brane fields is in the modification of 
the M-theory background equation (the 'cohomology condition' 0) and in the gauge- 
group- dependent threshold corrections, as observed by LOW 0. 

The present article is divided in three parts. In section 2, we study the role of the 
six-form field which couples naturally to the five-brane. We construct a version of the 
bosonic sector of eleven-dimensional supergravity in which the field equation of the 
six-form field is the required Bianchi identity. This theory can then easily be coupled 
to contributions arising from S^ /7j2 fixed planes or from five-branes. Its reduction on 
O7 provides the link with the effective four- dimensional supergravity derived in ref. |^ 
and a guiding line for the introduction of five-brane fields. The section ends with a 
first glance at the Calabi-Yau background equation. 

Section 3 is devoted to the dynamics of the five-brane massless modes. Our starting 
point is the self-dual formulation of the bosonic five-brane action, with an auxiliary 
scalar, as derived by Pasti, Sorokin and Tonin (PST) [0. The O7 truncation is per- 
formed and supersymmetrized, in fiat space and in an eleven- dimensional supergravity 
background. The resulting kinetic Lagrangian for the five-brane modulus multiplet 
possesses as expected chiral-linear duality: the brane modulus can be either described 
by a linear supermultiplet L or by a chiral S with symmetry S — > S + ic (c a real 
constant). This invariance severely restricts the possible form of the brane contribu- 
tions in the Lagrangian. We also discuss how the various contributions to the scalar 



potential cancel each other. 

The complete effective supergravity coupled to the five-brane Lagrangian is the 
subject of section 4. Following the procedure valid for the Calabi-Yau volume modulus 
T, we introduce threshold corrections as the most general term allowed by the shift 
symmetry acting on the brane multiplet 5*. We then consider the two dual versions of 
the effective supergravity, with the dilaton embedded either in a chiral or in a linear 
multiplet. The analysis of the gauge couplings in the linear version reveals a universal 
quadratic correction generated by the brane kinetic terms, and a linear dependence in 
the threshold terms. In the chiral version of the theory, the quadratic correction is 
moved into the Kahler potential of the chiral dilaton S + S. This result is strongly 
similar to standard gauge threshold corrections in the modulus T, which are pertur- 
bative one-loop contributions in string theory. We then compare our expressions with 
the background found by LOW and discuss the modifications of the scalar potential 
introduced by the brane modulus. 

Finally, section 5 contains some concluding remarks and an appendix defines our 
convent ions0. 

2 The six-form field 

In this section, we first discuss a formulation of the bosonic sector of eleven-dimensional 
supergravity in which the Bianchi identity for the four-form G4 is explicitly given by 
the field equation of a six- form Cq. This eleven-dimensional field plays the role of a 
multiplier and its Lagrangian can be easily modified to include source contributions 
arising, for instance, from five-branes0. Explicitly, the modified Lagrangian is of the 
form Cq a ((iG'4 — A5), where A5 is the five-form source of the Bianchi identity. It also 
turns out to be at the origin of the four-dimensional 'Lagrange multiplets' described 
in a previous publication 0, in which Bianchi identities were field equations. After 
having introduced Cq at the level of the bosonic sector of the standard Cremmer- Julia- 
Scherk eleven- dimensional supergravity [^, we consider the modifications required by 
the two ten-dimensional planes fixed under Z2 and by the presence of five-branes. 



^ We use the same notations as in ref. Q and our conventions for supergravity expressions are 
(mostly) as in ref. [13], 
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Our procedure is similar, but not identical, to the method of de Alwis |l^ 



2.1 Eleven-dimensional supergravity 



We begin by considering the standard CJS formulation |16[. In terms of differential 



forms, the bosonic part of the eleven-dimensional supergravity action is given by 

2k?i5cjs = -/ eR-l-f G,A*G,-lf C^ACaG^, (2.1) 

JMii 2 JMu JMii 

where the two independent fields are the metric (vielbein) and the three-form potential 
C3. The four-form field strength G4 is defined by G4 = dC^, and Aiu is eleven- 
dimensional Minkowski space. The equation of motion for C3 that can be computed 
from the action ( p.l| ) is 

C3 : d*G4 = --G4AG4, (2.2) 

and the Bianchi identity reads dG^ = 0. Note that S'cjs is invariant under the standard 
gauge transformation 

Cs^Cs + dA2, (2.3) 

where A2 is a two-form. 

Since we would like to incorporate "magnetic" five-brane^ in our discussion, it is 
natural to look for an action which contains a seven-form field strength Gj dual to 
the usual four- form G4. The structure of the topological term C-^ A G4 A G4 in ( |2.1|) 
does not allow us to completely eliminate the three- form C3, and an action trivially 
equivalent to S'cjs is 

S/^iiSiisd = — Jmii ^^~ 2 Xmii ^4 A *G'4 — g /_^^^ C3 A dC-i A dCs 

(2.4) 

+ XMn^7A(G4-C?C3), 

where the four independent fields are now the metric (vielbein), the three-form C3, the 

four-form 6*4 and the seven-form Gj. The equations of motion for the antisymmetric 

tensor fields are 

C3 : dGj = -\dC^AdG^, 

(2.5) 

They are certainly equivalent to the original field equation in the CJS version of the 
theory. The solution of the equation for C3 is 

G7 = -rfCg - ^C3 A dC3, (2.6) 



C3 


dGj = 


= -'^dCaAdGs 


G, 


*G4 = 


= Gr, 


Gj 


G4 = 


= dCs. 



As opposed to the "electric" membranes which naturaUy couple to the CJS action (2.1 



where Cg is an arbitrary six-form potential. Notice that the invariance of the seven- 
form Gy under the gauge transformation (|2.3|) imposes that 



c,^c^-]^^2^dC:, + d^^. (2.7) 

We can now write a more interesting form of the bosonic sector of eleven-dimensional 
supergravity in which the Bianchi identity is imposed via by six-form field C^. Sub- 
stituting the expression ( |2.6| ) for Gj into the action (p.4D, we obtain (with a partial 
integration) a formulation where the four independent fields are the metric, C3, G4 and 

S^f^S'iisd' = — !mii ^^~ 2 Xmii ^4 A *G'4 — - /^^^ C3 A dG^ A (G4 — gC/Cs) 
+ Xmii ^6 A (iG4. 

(2.8) 
This action is invariant under gauge symmetries (|2.3|) and ( p.7|) . The equations of 
motion for 6*4, Cg and C3 are now 



(2.9) 



The exterior derivative of the first equation is the CJS equation ( |2.2| ) if in addition 
6*4 = dG^. The second relation is the Bianchi identity which says that locally G^^ = dA^. 
Finally, the third equation implies that C3 and ^3 can differ by a gauge transformation 
( p.3|) and by irrelevant particular solution to eq. (|2.2|) . 

The O7 truncation of theory ( p.8|) is as follows. Under Z2, C3 and G4 are as usual 
odd while Gq is even. Since Z2 acts on the S^ coordinate x^, the universal massless 
modes of Gq surviving the truncation will be G^^^^g, G^^^^jj, Q^^ij^ and Gf^^pijk (as well 
as the conjugate G jj^ = G^^p^jg.). Their field equations respectively imply the Bianchi 
identity for {dG^^^-j^ which is a background equation since it is not associated to any 
four-dimensional massless mode, and the four- dimensional Bianchi identities for the 
massless components G.g:, G^^^^p and G^jj^. Notice also that the modified topological 
term in action (|2.8|) is eliminated by the truncation. The resulting truncated four- 
dimensional action is trivial as long as contributions from Z2 fixed planes and five- 
branes are not included. 



G4 




*Gi = 


= -dGe - IG3 A dGs 


c. 




dGi = 


-- 0, 


Cs 


dGs A {dGs - 


-G4) = 


= -^GsAdGi. 



2.2 Orbifold and five-brane contributions 

If one assumes that the Bianchi identity is not ^6*4 = 0, but instead dG^ = A5 with 
an exact five-form A5 = dA^ not depending on C3, G4 or Cq, the action ( pl8|) can be 
consistently modified to become: 

24, S = -'^JM,,G,A*G,-'^Jj^^^C,AdC,AiG,-A,-ldC;) 

[Z.iu) 
+ /^^^ Gq a {dGi — A5) + Einstein term + ■ ■ ■ . 

The independent fields are G3, G4, and Gq. The term with Cg is modified to obtain the 
new Bianchi identity with source A5. The additional C3 A dG^ A A4 term is a possible 
addition to cancel the variation under ( |^.3| ) of the source contribution —Gq A A5. We 
will however see below that if a five-brane is at the origin of the source A5, another 
modification arises. The dots in action ( p.lO| ) denote possible contributions which do 



not involve the eleven-dimensional bulk fields and are related to the dynamics of the 
magnetic source A5. An example would be the ten-dimensional kinetic terms for the 
gauge fields in a compactification of M-theory on S^ /7j2- The equations of motion for 
C3, (74 and Gq are 

C3 : rfC3 A (t/C3 - 6-4 + A4) = -|C3A(dG4-A5), 

G4 : *G4 = -(iCe - 2C3 A (iC3, (2.11) 

Og '. dG^ = ^5. 

Compactification of M-theory on O7 or S^/Z2 has two kinds of defects generating 
sources A5: M-theory five-branes and Z2 fixed planes. A tensor N = 2 multiplet of 
massless excitations lives on the world-volume of a five-brane [^, ^ and a E^ super- 
Yang-Mills multiplet is located on each fixed plane pi, O, Il8|. 



A five-brane in an eleven-dimensional background can be described by the following 
world- volume bosonic action |19| 

^M5=/ Ain.-T5/ Cq-^I C^AdB^, (2.12) 

where the hatted fields C3 and Cq are the eleven-dimensional background fields pulled 
back onto the six-dimensional world-volume Wg and the two-form B2 belongs to the 
D = 6 supermultiplet of the five-braneQ. The first contribution £kin. describes the 
^ See Section ^ for more detail on this multiplet. 



kinematics of the bosonic degrees of freedom. It includes a Born-Infeld term for the 
induced metric tensor gmh coupled to the three-form ifa = dB2 — C^, which is submitted 
to a self-duality condition. In the covariant formalism of Pasti, Sorokin and Tonin 



20[| , this self-duality condition is generated by an auxiliary scalar field. Hence, £kin. 
is a functional of gmh-, H3 and of the auxiliary PST scalar, but its precise form is 
unimportant for a while. Notice that invariance under (|2.3|) of H3 implies 6B2 = A2, 
and that, with this transformation of B2, the complete action Sm5 is gauge invariant. 
The five-brane action ^ms includes the Cq term 



-T5/ Ce = -n CeA6,, (2.13) 

J We J Mil 

where the equality for an arbitrary six-form would define the closed delta function five- 
form ^5. Comparison with the Cq term in action ( |2.1CI| ) indicates that adding a five- 



brane contribution modifies the source A5 according to A5 — » A5 + 2^1^X565, without 
however affecting A4 since gauge invariance is obtained with the new contribution 

Using ^5 to rewrite the action (|2.12|) as 

^M5=/ ^kin. A (55 - T5 / CeA6,-'^ f C3AdB2A6,, (2.14) 

JMii J Mil ^ J Mil 

we obtain a complete action from which the modified Bianchi identity with a five-brane 
source added can be deduced as an equation of motion for the six-form Cq\ 

2kI,S = -llMiiG^^*Gi--2lMiiC3^dC,AiG,-A,-ldCs) 

+ Imii Ce A {dG, - As - 2«:2,T555) 

+2k\^ Jj^^^ £kin. A 65- KJ^Tr, /^^^ C3 A dB2 A 5^ + Einstein term H , 

(2.15) 

where the independent fields are the metric, C3, G4,, Gq and B2 Q Their equations of 

motion are 

Gs : rfCg A (t/Cs - G4 + A4) = -2Kl,C-j^-^dB2)A6,~'^GsA{dG,-A,), 

G4 : *(jr4 = —dGg — 2^*3 A dG^ , 

Gq : dG^ = A5 + 2k,iiT565 , 



B2 ■■ %-A<55 = ^dG,A5,. 



6B2 



(2.16) 



"^As well as the translational degrees of freedom of the five-brane world- volume, in the pull-back of 
Mil onto yVg- 



Taking the exterior derivative of the first equation and using the equahty d{ ^ff" ) = 
^^^'"' which follows from the fact that C3 and B2 only appear through if 3 in £km., we 
recover the last equation when the third relation is taken into account. 

This discussion can be easily extended to the presence of several five-branes. In 
the case of M-theory on Or, five-brane world- volumes must be embedded in A^n in a 
Z2-invariant way. 

We now proceed to add the contributions due to Z2 fixed planes. They will corre- 
spond to specific expressions for the source A5 and its primitive A4 in action ( |2.15| ). 
And since these expressions do not depend on the eleven-dimensional or five-brane 
fields, the equations (|2.16| ) and their significance will remain unchanged. 

In the presence of five-branes, M-theory on S^/Z2 x A^ig can be defined by the 
following Bianchi identity @, [l^, [l|, |T[: 



Ukja 



2 '^11 



-(4-)^^ 



h,l A 5i,i + J4,2 A (5i,2 + Y. ^5 (We 



(2.17) 



where Wej is the world-volume of the j'th five-brane and 5^{Wqj) the corresponding 
five-form as defined in eq. ( |2.13| ). The S'^/Z2 direction x^ has periodicity 27r, Z2 acts 
according to x"^ -^ — x"^ and fixed points are at x'^ = and vr. For each five brane with 
world- volume Wej, there exists a five-brane with world- volume given by the image 
under Z2 of Wej-. Eq. (|2.17|) also gives the expression T5 = — Svr^/A^ in terms of the 
gauge coupling constant A on the ten-dimensional fixed planes. The Dirac one-forms 
on S^ read 

5i^i = 5{x^) dx\ 61,2 = S{x^ - Tc) dx\ (2.18) 

Finally, on the ten-dimensional Z2 fixed planes, at x*^ = and x^ = vr, live four-forms 

1 



Id.i 



(4vr) 



tiFf 



itrtf 



1,2, 



(2.19) 



where each Fi is an Es gauge curvature and R is Riemann curvature. We then conclude 
that the appropriate bosonic action for M-theory on S^/Z2 can be written as: 

^ = JMii ^^ 



^tv-i 1 JLf 



-i G4 A *G4 - I C73 A dCs A (G4 - A4 - frfCs) 
+Ce A [dG, + (47r)2^ [14,1 A 5i,i + 14,2 A 5i,2 + E, 5,iWe 
+2^li E, (>Ckin.(^30)) + ^ C'a A dB2ij)) ^ '^5(>V6,,) 
-^(Fi A *Fi A 5i,i + F2 A *F2 A 51,2) + Einstein term . 



(2.20) 



The last line includes the kinetic terms of the E^ gauge fields living on each fixed plane 
and the four-form A4 is defined as the solution to the Bianchi identity ( ^.IT] ) without 
any five-brane: 



k2 



dA, = -{AnY^ 



h,i A 61^1 + /4,2 A 61^2 



(2.21) 



Notice that each five-brane has its own tensor H^j^ = dB2(j) — C's, up to the identifi- 
cation of a five-brane with its image under Z2. 

It should be remarked that the theory (|2.20|) is not equivalent to the Hofava-Witten 
action. It is a generalization of the bosonic sector of eleven-dimensional supergravity 
and it does not include an anomaly-cancelling term similar to the contribution Jj^-^-^^ C3A 
G4 A Gi. Cancellation of chiral anomalies requires the addition of appropriate Green- 
Schwarz counterterms. 

2.3 The background 



The Bianchi identities of M-theory compactified on O7 are the components of eq. (|2.17|) 
reduced on the Calabi-Yau space. They are also the field equations of the components 
of Ce reduced on O7. Denoting by Vq the Calabi-Yau volume and using nf^ = 2itVqk'^, 
where k is the four-dimensional gravitational constant, one infers that the dimensionless 
number A^/Vg can be absorbed in the metric moduli, so that these identities as well as 
the four-dimensional reduced action depend on a single parameter, the four-dimensional 
gravitational constant^. As mentioned earlier, the field equation of the component 
^iMupai] is the background equation 



(rfG4L,M = -(4vr)^^^ 



h,i A 5i,i + h,2 A 5i,2 + Y. ^5{mj 



(2.22) 

Aijkl 



This equation integrated over a closed five-cycle gives, for a globally well-defined G4, the 
standard 'cohomology condition' which defines the embedding of the four-dimensional 
gauge group into Eq x Eg [|]. In general, it implies non-zero background values for 
(trF^^)--^ and/or (trF2^)..^, and relates these vacuum values to the Calabi-Yau back- 
ground (tri?^)--^. Since there are no massless fiuctuations associated with this com- 
ponent of (iG4, we may assume that the fiuctuation C^j^^^fj is zero when computing the 
reduced effective Lagrangian, provided we develop the theory around the appropriate 
background. 



^See ref. |9) for a detailed discussion. For the same reason, we may choose the S^ radius to be one. 



We denote the form degree on A^4 x 0-j as (m, n,p, q). The degree on M.^ is m, the 
holomorphic and anti-holomorphic degrees on the Calabi-Yau space are n and p, and 
q is the degree on 8^/7^2- The SU{'i) holonomy condition imphes that the background 
(G4) is a (0, 2, 2, 0) form. The defining equation for the six-form field Cg is the duahty 
equation *G'4 = —dC^ — \Cz A dC^- The background (rfCe) is then a (4, 1, 1, 1) form. 
By SU{?>) holonomy and Z2 symmetry, the background component {Cq) of Ce is a 
(4, 1, 1,0) form and (c/Cg) = ^(C'e) c^^;^. The equations defining the background are 
theng (ciCe) = - * (G4) and 

They depend in general of the metric tensor reduced on A^4 x O7 since they use the 
Hodge dual and Dirac tensorial distributions. This condition has been studied in detail 
inrefs. 12g,§. 

In our approach based on Lagrangian ( p.20|) , however, the background contribution 
is more involved. Since the six-form field multiplies the Bianchi identity, all Cg back- 
ground contributions automatically cancel. But the background values of G^ A *Gi, 
of the Einstein term and of the gauge and brane (Born-Infeld) kinetic terms are non- 
zero. We will return to this point when computing the effective four-dimensional scalar 
potential, which vanishes, in the next section. 

Our task now is to obtain the four- dimensional Calabi-Yau reduction of the action 
( p. 201) , and to extend it to a Poincare A^ = 1 supergravity. Without five-branes, the 



result is well-known either from heterotic strings on Xg p3| or from M-theory on O7 
p^ , p2| , and reference [^] gives a discussion based on Bianchi identities which is also 
the approach followed here. 

3 The M-theory five-brane 

The action ( ^.20| ) includes kinetic terms for the five-brane bosonic degrees of freedom, 
which in particular propagate the self-dual three- form H'i. We find useful to incorporate 
in our discussion the largest possible symmetry. As a consequence, we will use for these 
kinetic terms the formalism of Pasti, Sorokin and Tonin pOl adapted to the five-brane 



13, 25|, in which self-duality follows from field equations. 



When reduced on ^^4 x O7, (C3 A dC-^) vanishes. 

10 



Since the five-brane has also scalar fields related to the translational modes of its 
world- volume, we begin with a brief discussion of the embedding of a world- volume We 
in M4 X O7. 

3.1 Reduction of the M-five-brane bosonic action to four- 
dimensions 

In order to preserve A^ = 1 four-dimensional supersymmetry, each five-brane must be 
aligned with a world- volume Wqj = 7VI4 x C2J, the two-cycle C2J in the Calabi-Yau 
manifold being holomorphic [Q, |^, |^ . We can then choose the five-brane world- volume 
coordinates as 

2/'^ = (y^y,y), m = 6,i,...,5, /i = 0,l,2,3, (3.1) 

with a complex coordinate y along the Calabi-Yau two-cycle. The embedding of the 
world-volume in A^n is defined by the functions!^ x^^{y"^), M = 0, 1, . . . , 10, and by 
the pull-back functions ^w- In -Ma, x O7, we use coordinates x*^ = (x^,x^, 2;*, z*), 
i = 1,2, 3, with 

x'^ = l/^ z' = z'iy'^,y), #=zV,y), 

choosing a parametrization of Ai^. 

The five-brane excitations are described by a Z^ = 6 tensor supermultiplet 0, |^. 
The fields are a chiral antisymmetric tensor Bmn (with a self-dual field strength Hrhnp), 
five scalar fields -^(1), . . . , -^(5) specifying the position of the world- volume We in A^n, 
and their fermionic partners. In our A^4 x O7 reduction, we neglect the detailed 
structure of the Calabi-Yau manifold. Of the five scalar fields, only one survives as the 
massless mode of the Calabi-Yau expansion of x^{y^,y,y), 

x'^iy'^, y,y) = X{x'^) + massive modes, 

. . - _-_ (3-2) 

z* = z\y), z' = z^y), x^ = y^. 

This means that we will only retain the following bosonic five-brane excitations: 

B,.{xn = B,,{yn, %(x'^) = Bi^iyn, X{x^), (3.3) 

and the self-duality condition on Hrhnp relates Bfj,i, and iS^g. The background value 
of the scalar field X is the five-brane position along the S^/Z2 orbifold direction x^. 

-'^''Notice that x"* is the S^ /Z2 direction in Aiu while y** (and y^) are in the Calabi-Yau manifold. 
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Each five-brane generates then in 7VI4 two bosonic degrees of freedom. By A^ = 1 
supersynimetry, they will be described by either a linear or a chiral multiplet. 

With these choices of embedding and truncation, the world- volume induced metricQ 



reduces 


in 


four dimensions to 














9ni^ = 


e-^- 


'"^M- + 


e27~2a 


{d,X){d,X) 






9i5 = 


k^e" 


; 










9^A = 


9t.5 


= m 


= ^55 


= 0, 



(3.4) 



where k"^ = S^j^^ is a constant (a background value) in our Kaluza-Klein truncation. 
To describe the dynamics of the bosonic fields (|3.3|) and their couplings to four- 
dimensional supergravity, we need an action for the five-brane coupled to eleven- 
dimensional supergravity. Using the PST formalism to write covariant Lagrangians 
for self-dual (or anti-self-dual) tensors, a kappa-symmetric covariant world-volume La- 



grangian for the five-brane excitations has been constructed [O, 25|, completing ear- 



lier work [^, ^, |T9|. In a non-trivial eleven-dimensional supergravity background, 
the action has two parts: a kinetic Lagrangian with a Born-Infeld term involving the 
three-index tensor Hmnp and a Wess-Zumino term involving both C3 and its dual Cq. 
The bosonic action isQ: 

^M5 = tJ (fy (-y/- det(^^^ + lH*rhn) ' \^^VlH*'''^^H^f,pV^) 

(3.5) 



J^ {C,-'^dl3,ACs). 



-T5 

■ We 



The second line is as in eq. (|2.12| ) and the first two terms define the kinetic Lagrangian 



in the PST formalism. In this expression, C3 and Cq are the eleven-dimensional back- 
ground fields pulled back onto the world- volume using derivatives dx^^ /dy^ 



5 



^ _dx^^dx^dx^ ^ _dx^ dx^ 

^™"P ~ 'd^ dyfi dy'P^'^^P' (-'rh^...m^ - "^^ • • • ^^<-^Afi...M6 , (3-6) 
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The two-index tensor qmn is the eleven-dimensional metric which was defined and used in ref. 



Its reduction can also be found in the appendix [eq. (A.l)] 



Our conventions are mostly as in ref. [E5|. We consider here a single five-brane. 
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Tc; is the brane tension and 



TT* TT* ■\m 

-n rhh — -n ^fip V , 

, (3.7) 



dB2 = IdrfrBnpdy^Ady'^AdyP. 



Va = , ^'^^ , (V^V^ = 1), (3.^ 

'idnA){d^A) 



Finally, 



where A(y™) is the auxiliary scalar field introduced by PST to impose the self-duality 
of the tensor Hrhnp as an equation of motion. 

Since we will consider only four-dimensional contributions with up to two deriva- 
tives, it will be sufficient to write 

The action ( |3.5|) simplifies then to 

^M5 = -tJ d^y./^(\ViH*^^''{H^f,^-H*^^p)V^ + l 

"'We ^ 

The PST formalism possesses various local symmetries. One of them allows a gauge 
choice in which A{y'^) is a function of y and y only, so that 

^^ = 0, V4V^ + V5V^ = 1, (3.11) 



(3.10) 



which preserves four-dimensional Lorentz covariance. With our truncation (|3.3|) of the 
five-brane excitations and of the bulk fields, we are led to only retain components 

(3.12) 
% = k^B, (7^45 = k'^a{x)dpX, C^^p = 3C[p^4 dp]X, 

where a(x) is defined by Cfj^ = ia{x)5^-^. In addition, our reduction of the eleven- 
dimensional space-time metric ( |A. 1| ) implies that 



g ~ A;2ee-27-3- ( i + -e^^[d^X){d>'X) ) , (3.13) 
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where e^ = — det {gfj_^) is now the determinant of the four-dimensional space-time met- 
ric. 

The reduction of the term involving the six-form field follows from two facts. Firstly, 
with the embedding ( p.2|) of Wq into A^n, one can write 



where {C) fj is the background contribution discussed in paragraph |2]^ and C 



pvpmj 



is the field fluctuation. Notice that the equations defining this background involve the 
reduced eleven-dimensional metric^ and (C)^^^^j-j does depend on the metric moduh 
a and 7. Secondly, since C^ is even under Z2, C^^^^^j-j is cancelled by the O7 reduction 
and the component C^j^^^g generates the background equation and can be omitted in 
the four-dimensional effective Lagrangian. 

The four-dimensional five-brane action reads then 

5'm5 = / d'^xC 



(3.14) 



'MS — / " "f- ''-M5) 

M4 



r — '^ 



-\e^^''P'^{d^B){d,X)Cp„^ - \eP-P'^ a {d^B,p){d,X) 
+ee^'^''{d^X){d^'X) + 2e (e-^T-s- + i^c)) 



This derivation uses 






where 



T /• , ,_ dz' dz^ ^ 
— = / dydy df^ 

T5 Jc2 dy dy ^ 



is the volume of the holomorphic two-cycle in the Calabi-Yau manifold, and the def- 
inition {C) ^j^p^^-j = iee^upa{C)Sij- The scalar field B acts as a Lagrange multiplier. It 
imposes the constraint 



13 



In particular in the Hodge dual. 
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Its solution is the second eq. ( p.l2| ). We can then consider the Lagrangian ( |3.14| ) as a 



function of the unconstrained fields H^i^p, X and B = B — Xa: 



r — "^ 



+ lXe>^''p^Hp,p{d^a) + |X2eA'-p-(5^a)(9,Cp,4) (3.15) 

-l,e^''P''{d,B)(H,p^ - 3X{d,Cp„,)) + 2e (e'^^'-s- + (C)) . 



The last term seems to indicate the presence of a scalar potential. However, solving 
the equation defining the six-form background field shows a cancellation: the scalar 
potential vanishes as expected by the stability of the configuration which is protected by 



the residual supersymmetry ^j. We will see in paragraph ^]3]that the supermultiplet 
structure required to super symmetrize this bosonic action does not allow the presence 
of a scalar potential. 

The Lagrangians ( |3.14| ) and ( p. 151 ) are invariant under the residual symmetries: 

(3.16) 
6a = c, 6B = cX, 6B = 0, c = constant. 

Note moreover that B appears in the Lagrangian (|3.14|) only through its derivatives, 
so the independent symmetry 

SB = c , c = constant, (3-17) 



is also present. Solving for B in eq. (p. 15 ) leads to a Lagrangian for B^i, and X, which 



will be supersymmetrized using a linear multiplet. And solving for H^i^p leads to a 
theory containing a chiral multiplet with scalar components X and B. This chiral-linear 
duality is the four- dimensional consequence of the self-duality of the brane three-index 
tensor -ffmnp? when expressed in the covariant formalism of PST. 

We now consider the supersymmetrization in four space-time dimensions of the 
reduced five-brane Lagrangian, first without supergravity background, then with the 
coupling to the eleven-dimensional background fields. 

3.2 Supersymmetrization without supergravity background 

Our first goal is to identify the supermultiplet content of the effective four- dimensional 
supergravity expected to arise from our truncation of the five-brane spectrum. The 
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simplest procedure is to consider the flat, zero-background limit of the five-brane La- 
grangian ( |3.15D , which becomes 



L 



T 



M5, flat 



3! 



H,,p{H^''P + e^^P^ d^B) + {d^X){d^X) 



(3.18) 



Introducing for convenience the four- dimensional vector field 



3! 



C lit 



vpcj 1 



we obtain 



£ 



T 



M5,flat 



v^{d,B + v,)-{d,x){d^x) 



Solving for v^ leads to v^ = — |9^i3, so that 



£ 



T 



M5, flat 



{d,B){d^'B) + {d^X){d''X) 



(3.19) 



(3.20) 



(3.21) 



Alternatively, solving for B gives 



df.v^' = 



H^up = ^d\i,B, 



[fJ.'-'up] , 



(3.22) 



and we obtain the equivalent form of the Lagrangian 



£ 



M5,flat 



T 
2" 



^H'^'H^.P 



id,,X){d^X) 



(3.23) 



This discussion illustrates again how the six-dimensional self-duality condition on H^fif^p 
translates in the truncated four-dimensional theory into a duality equivalence of an 
antisymmetric tensor B^i, with a (pseudo) scalar B. 

We now observe that expression (|3.20|) is precisely the bosonic part of the super- 
symmetric Lagrangian 

1 



£ 



flat = -T / d'ed'e {V'--{s + s)v^ 



(3.24) 



where V^ is a real vector superfield and S" is a chiral superfield. Using the component 
expansions 



V = C + {ea^'e)v^, + ee{m + tn) + ee{m-in) 

+ eeW{d~lnc) + --- , 
s = s-eejs- i{ea''e)df,s + \eeWus + ■ ■ • , 



(3.25) 
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where the dots indicate ferinion contributions, the bosonic part of the supersymmetric 
Lagrangian ( |3.24D is 

Aat.bc. = ^v^{v^.-d^\ms)-{d,C){d^'C) 

(3.26) 
-2d{2C -Res)- A{m^ + n^) - (/,(m - in) + c.c.)] , 

omitting a space-time derivative. The second hne is auxihary and vanishes when solving 
for either Res and fs or m, n, d and fs- The first hne is eq. ( p.20 ). 



The chiral-hnear duahty present in the globally supersymmetric Lagrangian (|3.24|) 



is the consequence, in the truncated theory, of the self-duality property of the five-brane 
antisymmetric tensor. Explicitly, solving for the vector superfield V in eq. ( |3.24| ) leads 
toV = \{S + S). For the bosonic components, this is (7 = | Re s, -O^ = \{d^ Im s) and 
rh + in = —\fs- The supersymmetric Lagrangian becomes then 



{df^s){d'^s) — fsfs + fermionic terms. 
Alternatively, we can rewrite expression ( p.24| ) as 

-Cflat = -T I d^ed^e v^--f d^e svvv -- f d^elvvv , 

and solve for the chiral superfield S, implying that V^ is a real linear multiplet L, 



WL = T>T>L = 0. For the bosonic components, solving for s and fs in expression 
( p. 261 ) leads tod = 7n = h = and 



The Lagrangian becomes 

Aat = -fJd^ed^eL^ = - 1 [(9^(7) (9^(7) + l^H'^-PH^.p] + fermionic terms. 
3.3 Supersymmetrization with supergravity background 



We now turn on the supergravity background and return to Lagrangian (|3.15|) to derive 
its supersymmetric extension. 

The description in terms of superconformal multiplets of the supergravity bulk 
fields has been discussed in detail in ref. 0. The dilaton and universal modulus are 
respectively described by two vector multiplets, V with weights uj = 2, n = and Vr 
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with zero weights. Bianchi identities in TVlii would constrain V to be hnear and Vr to 
be T + T in terms of a chiral multiplet T. Writing the (bosonic) component expansions 
as 



V 


= iC,0,H,K,v^,0,d-OC~'^CR), 


Vt 


= {CT,0,HT,KT,T„0,dT-aCT), 


identification is 




Ak^C = 


Se-^% 4k\ = S f e^.p.S'^C""^^ 


Ct = 


2fe^ T, = -2^^d,a. 



(3.27) 



Since we may redefine the dimensionless quantity A^/Ve by a scahng of the moduh, 
we take A^/Ve = 1 from here on. To describe the five-brane degrees of freedom, we 
introduce as in the previous paragraph two supermultiplets: a vector supermuhiplet V 
and a chiral supermultiplet S. We choose them with zero conformal and chiral weights 
[uj = n = 0). Their bosonic component expansions are 

V = {C,0,H,k,v^,0j-nC), 
S = {§,0, -fs,ifs,id^s, 0,0). 

To bring the Lagrangian ( |3.15 ) in a form appropriate for supersymmetrization in terms 
of V, S, V and Vt, we observe that the dimensions of the brane fields B, X and H^j^^p 
(which are —1,-1 and 0) do not fit with those of components s, C and v^, (0, and 
1). Since the only scale in our four-dimensional Poincare supergravity should be k, we 
first introduce a dimensionless five-brane coupling constant 

T = ^, (3.28) 

and perform the rescalings 

H^,p = KHp,p, X = kX, B = kB. (3.29) 

Action ( p.l5|) rewrites then as 

^e e'+'^^'H^^pm^P + e e'-^''{^^X){^^'X) 
+ lXe^-p<^Hp,p{d^a) + \X\^^^P'^{dpa){d,Cp^^) (3.30) 



>^M5 - -2^ 



-^eP''P"{d,B)(H,p, - ?,X{d,Cp^^] 
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with an apparent scalar potential 

V, = -^e{e-''<-'^^+{C)). (3.31) 

K 

Then, to go to the superconformal formalism, we recall that \ is the Poincare 
gauge-fixed value of the multiplet[3 

T = {So'SoVTf'^{2V)-^'^. (3.32) 

Suppose that we identify the scalar field X with the lowest component C of the brane 
multiplet V . Identifications ( |3.27| ) also indicate that e~^" is the lowest component of 
4:VT~^ while e'*' is the lowest component of \Vt- We then infer that the first line of 
action ( |3.30|) appears in the component expansion of 



-t[VVtV^]d, 

which is independent from T. Comparison of the v^v^ term with the H^^pH^'^'' term 
in the actions leads then to the identifications 

C = X, v, = -l^e,^p^H^'^-. (3.33) 

With these results, the vector component of VV is then 

which is the combination appearing in the last line of Lagrangian ( p.30| ). We then 
conclude that 

•'-branG ~ 



vvtV^ - hs + S)VV 



(3.34) 

D 



is the superconformal tensor calculus expression for the five-brane kinetic Lagrangian, 
with in addition 

i3 = Ims. (3.35) 

Expression (|3.34|) is independent from the compensating multiplet 5*0 and completely 

frame-independent. Its component expansion does not include any eR term and the 

^■^The chiral 5*0, with weights w = n = 1, is the compensating multiplet: some of its components 
are used to gauge fix superconformal symmetries to realize Poincare invariance only. 
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Einstein frame condition for dilatation symmetry would not be affected by its addition 
to bulk (and 3^/7^2 plane) contributions. The bosonic component expression reads 
e-^/:brane = -tCCt {{d^C){d^C) - v^v^^) + 2rCCv^T^ + tC^^^T^ 

+T{^^lms){Cv^' + Cv^') 

+TC\CTd - Cdr) - 2TCC{d^CT){d''C) - TC^{d^C){d^'CT) (3.36) 

+r(Re s - 2CCt) (Cd + Cd- t;^{)^ + (9'^C)(9^(7)) 

+e^"'^£aux. + total derivative. 
The auxiliary Lagrangian vanishes 'on-shelF: it is a quadratic expression in if, K, Ht, 
Kt, H, K and fs- To compare the above expression with eq. (|3.3(]| ), we also need 



to solve for Re s, which is not generated by the reduction of the brane bosonic world- 
volume action: its presence is required by supersymmetry only. The fourth line is 
then eliminated. All contributions from the third line are related by supersymmetry to 
propagation of the background fields and are invisible in eq. ( |3.30| ). And the first two 
lines with identifications ( p. 33] ) and ( |3.35| ) correspond to eq. ( |3.30D , with the exception 



of the scalar potential Vq which cannot arise from the superconformal expression ( |3.34|) . 
As expected from the self-duality of the brane tensor Hrhhp, the supergravity La- 
grangian ( p.34| ) has chiral-linear duality. Solving for the vector superfield V gives 
V = \Vf^{S + S) and we obtain 

■^brane, chiral = 777 V Vx [^ ~'t~ J) 

16 L Id 

Alternatively, solving for the scalar superfield S leads to VV = L, where L is a real 
linear superfield, and then 

■^brane, linear = ~''" VT^ ^ ■ 

Chiral-linear duality requires invariance under 6S = an imaginary constant. This 
symmetry also excludes a superpotential and then the generation of a scalar potential. 
The conclusion is that the superconformal Lagrangian ( p.34| ) provides the four- 
dimensional effective kinetic Lagrangian for the brane modulus multiplet. As in action 
( p. 201) , the complete effective four-dimensional supergravity is the known effective the- 



ory of orbifold gauge and matter multiplets plus expression ( |3.34|) . Most importantly. 



the brane contributions to the background equations must be taken into account to 
correctly evaluate the scalar potential. This is the last point we need to discuss before 
analysing the complete supergravity theory. 
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3.4 Background and scalar potential 



Returning to the bosonic action ( p.20|) , we observe that the background value of the 
eleven-dimensional Lagrangian is 



('^^-^-i 



eR + -G4 A *Gi 



C^inXH,)A5,iWe 



"11 

for a single brane and omitting gauge field contributions on orbifold planes. In our 
reduced metric, it is in principle a function of the background scalar fields (j(a;^) and 
7(x^), and of their first and second derivatives which appear in the curvature scalar 
R. However, using the conditions imposed by the background Einstein equations, one 
finds that (C) is a derivative. 



Zit\j-i-i dec 



-"^(-^^"' 



which disappears after integration on x'^: the four-dimensional effective Lagrangian 
has zero background value. As a result, the effective four- dimensional scalar potential 
generated by the brane modulus vanishes. 

Taking several branes and the orbifold planes into account leads to the same result: 
the scalar potential vanishes as long as a superpotential is not generated by charged 
matter chiral superfields. 

4 The coupled theory 

In compactified M-theory, the presence of the five-brane modulus multiplet does not 
modify the Bianchi identities verified by the massless components G^^up, G^^^ and 
G^ijk- Its effect on the four-dimensional effective supergravity is simply the addition of 
the kinetic Lagrangian ( p.34| ) and the modification of the background equation ( |2.22| ) 
by the source terms proportional to S^iW^j). More changes will occur with gauge 
thresholds and anomaly-cancelling terms, which can be regarded as 'higher-order' cor- 
rections. 

The complete effective supergravity^ of M-theory compactified on O7 with a five- 
^^Up to terms with two derivatives. 
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brane can be written as follows: 



iSo'S'^VTf'\2V)-^'^ -{S + ^){V + 2fi) + {U{W - aM^) + c.c.) 
+ {Lt - 2Ea/5"fi")(^r + 2Me^M) + V{t\aM^\^ - 26Me^M) 



D 



(4.1) 



vvtV^ - Us + S)VV 



D 



+ i 



SEaP''^''^" 



The first three lines collect all contributions from gauge multiplets (in the Chern- 
Simons superfields Q"", Q = I]a c'^fi'^, for a gauge group Ha^") ^^^ charged matter 
multiplets]^ M. They also include the contributions of the massless modes of G4 
and of the metric tensor, in the multiplets V, Vr and W. The first term is the bulk 
Lagrangian p8|, ^ produced by the reduction of the CJS theory. The next terms 
induce by the field equations of the Lagrange multipliers S, U and Lt the Bianchi 
identities. The solutions are: 

V = L-2Vt (L linear,u; = 2,n = 0), 

W = aM^ + ic (creal), 

Vt = T + T -2Me^M (T chiral, w = n = 0). 

Reduction of the action ( p.2(]| ) shows that the massless components of the six-form 
field are included in these Lagrange multipliers. The single term in the third line is the 
superpotential, as defined by the Bianchi identity induced by U. The contributions with 
coefficients jS"', e and 6 are higher-order corrections following from anomaly cancellation. 
They generate in particular gauge thresholds. This formulation is derived and explained 
in ref. 0. 

The last line in eq. (|4.1| ) is the brane Lagrangian (|3.34|) , supplemented by a higher- 
order correction with coefficients r/3". Its role will be discussed below. The identity 
1 



S (chiral, w = n = 0) : 
U (vector, w = 2,n = 0) : 
Lt (linear, w = 2,n = 0) : 



SWW 



(S + 5)fi" 



+ derivative 



D 



(4.2) 



can also be used as a definition of the gauge curvature chiral multiplets W^. 



Theory (4J.) has a very simple Einstein term since only the bulk Lagrangian con- 
tributes: 



^F,i 



Einstein 



-eR 



:zoZoCTf'{2C)-' 



/2' 



(4.3) 



^^The chiral multiplet M denotes a generic charged matter multiplct, for instance a 27 of an Eq 
gauge group. 
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where zq, Ct and C denote the lowest components of 5*0, Vt and V . As mentioned 
aheady in eq. p.32| ), the Einstein frame is selected by the condition 

-3/2 



f ZqZqCi 



2k'C. 



(4.4) 



V 2C 

The Einstein frame will be used below. 

Since theory (|4. 1|) contains 'auxiliary multiplets' which can be eliminated, we will 
consider two versions related by chiral-linear duality acting on the dilaton multiplet: 

• The linear version is obtained by solving for Lt-, U and S. The dynamical 
multiplets are then L, T, M, Q'^ and the brane multiplet L or S. The dilaton is 
described by the linear multiplet L, which also includes the massless component 
G^nup of the four-form field. 

• The chiral version is obtained by solving for Lt, U and V, the dynamical mul- 
tiplets being then S, T, M, Q'^ and the brane multiplet L or S. The dilaton is 
described by the real part Re S of the scalar component of the chiral multiplet 
S, while Im S* is a component of the six-form field. 

For our purposes, it is useful to simplify the theory by solving for Lt and U. Their 
field equations respectively imply that Vt = T + T — 2Me^M, with a chiral modulus 
multiplet T, and that the superpotential is a cubic gauge invariant function of M which 
we symbolically write W{M) = aM^, up to a possible constant (which would break 
supersymmetry) . The result is the following effective Lagrangian: 



C 



3/2 

SoS^{T + T- 2Me^M) ] {2V) 



-1/2 



{s + s){v + 2n) 



+V{e\aM^\'^ - 2SMe^M) 



T 



D 



V{T + T- 2Me^M)V^ - US + S)VV 



D 



+ 



SlW{M) + \ EaiP^T + Tp^S)W^W" 

(4.5) 

We first omit the higher-order corrections: (3'^ = l3'^ = S = e = 0. All terms in the 

Lagrangian are then obtained from the reduction of the higher-dimensional bosonic 

action ( |2.2CI| ) and of the brane action ( |3.5| ), supplemented by A^ = 1 supersymmetry. 

We also choose to describe the brane multiplet by the chiral multiplet S by solving for 
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V. Then, with identity 
C = 



3/2 

SoS^{T + T- 2Me^M) ] {2VY^/^ 



2 



(0|0 ^ g + gl ]T. 

16 T + T - 2Me^M 



+ 

D 



SlW{M) + ^SY^c^WW 



a 



(4.6) 
and solving for V leads to the chiral version, in which the (bulk) dilaton is described 
hj S. It is as usual defined by 

D L4 



•'-chiral „ 



'SoSo e-^/=^] ^ + [^ E rW"W" + S'^WiM)] ^. (4.7) 

The real Kahler potential is 

K = -\og(s + 'S-— (£±£)^\ _ 3 log (t + T - 2Me^M) , (4.8) 

and the holomorphic gauge kinetic functions are simply 

r = C'S. (4.9) 

It is important to realize that the brane kinetic terms affect the dilaton Kahler poten- 
tial, and that this modification cannot be moved into the gauge kinetic function by a 
holomorphic redefinition of the chiral S: the brane kinetic terms are not harmonic. 
Suppose nevertheless that we insist on defining the dilaton as the real quantity 

^ = ReS-- (i+^L , (4.10) 

^ 32T + T-2MM ^ ^ 



as suggested by the Kahler potential ( ^4.8| ). The coupling for the gauge group factor 
G° can then be written asQ 

J,.Rer = c°f^+^ '^^Jl V (4.11) 

gl ■' y 32T + T-2MMJ ^ ' 

In this point of view, the brane contribution appears as a correction to the gauge 
coupling. However, one cannot find a holomorphic function /" with the field variable 
if and this choice of dilaton field is not compatible with the supermultiplet structure 
required when writing the supergravity Lagrangian in the chiral version. 
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It is the 'wilsonnian gauge coupling'. 
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The addition of the higher-order corrections is straightforward. In the chiral version, 
the Kahler potential becomes 

K = -\og(s + S-- (^ + S_l + 26Me^M - e\aM'A 

^\ lQT + T-2Me^M ' V (4.12) 

-3 log {t + T- 2Me^M) 
while the gauge kinetic functions read 

/'^ = c"^ + ^-^T + r/?"^^. (4.13) 

The 'natural' definition of the dilaton suggested by the Kahler potential is now 

if = ReS-— ('^+'^^ +^MM--e|aM'P, (4.14) 

^ 32T + T-2MM 2 ' ' ' ^ ^ 

and in terms of this dilaton, the gauge couplings become 

1 

9a 

2 



2 -- cV + /5'^ReT-c"(5MM + ic''e|aM3|2 



(4.15) 



Returning to the Lagrangian ( |4.1] ), the field equation relating V and 5* is 

>> = i J^'L^ . (4,16) 

and the lowest component C oi V has been identified with X = k~^X, which is the 
brane modulus in the direction x^, in Planck units. The gauge couplings can then 
finally be expressed as 

i- = cV + /3'^ReT-c'^(5MM+^|aM3|2 

3a (4.17) 

+ ^iT + T- 2MM) (c"X2 + Ap^'X) . 

The linear version is interesting. Solving in eq. (|4.5| ) for S implies V = L — 2Q, 
and the resulting effective supergravity reads 

3/2 



jCu 



linear 



^iSoSo{T + T-2Me^M)] {L - 29) 



-1/2 



+ (L - 29) (e|aM3|2 - 25Me^M -t{T + T~ 2Me^M)V^ (4.18) 



+\{S + S)V 



+ 

D 
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In this case, with the identification C = X and with the field equation ( ^.16| ) relating 
S and C, computing the gauge couplings leads easily to 

1 „ ( zoz^{T+T-2MM)\ ^'"^ 



(4.19) 



+^{T + T- 2MM) [c'^X^ + 4(3'' X] + p'^ReT . 
Comparing with expression (|4.17|) , we find that 

2 ^ poz^(T + T-2MM) y/2 

or, in the Einstein frame, with condition ( ^4.4| ) and Ct = T + T — 2MM, 

V = r^- (4-20) 



The compatibility of expressions ( |4.19| ) and ( [4. 131 ) follows then from the field equation 



of the vector multiplet V in theory (|4.5| ) , which is chiral-linear duality: 



(4.21) 



-t{T + T- 2Me^M)V^ + ^{S + S)V . 

To summarize, in the chiral version of the effective supergravity, the kinetic La- 
grangian of the five-brane modulus introduces a quadratic, non-harmonic correction to 
the dilaton in the Kahler potential. The holomorphic gauge functions and the wilson- 
nian gauge couplings are not affected by these terms. In the linear version, the kinetic 
brane Lagrangian generates quadratic, non-harmonic corrections to the field-dependent 
wilsonnian gauge couplings. 

The higher-order brane contribution Abrane = i'rJ2aP°'[SyV"'yV°']F is similar to 

the familiar gauge thresholds in the modulus T, with coefficients jS"'. We have seen 

that the self-duality of the three-index tensor on the brane world- volume leads in four 

dimensions to a chiral-linear duality. In the effective supergravity, this duality requires 

invariance under variations of S by an imaginary constant. Then, D-terms should 

depend on S" + S", and with our set of multiplets, there is a unique F-term compatible 

with this symmetry: the higher-order correction Abrane 0- 

^^The authors of refs. |^, ^ failed to recognize the importance of self-duahty of the world- volume 
three-form. They attempted to describe the brane modulus with a chiral multiplet and introduced 
a quadratic holomorphic i^-density forbidden by chiral-linear duality and unrelated to brane kinetic 
terms. The resulting supergravity theory is incorrect. 
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This second brane contribution is not generated by reduction of the PST brane 
action ( ^.51 ), as T-dependent threshold corrections do not follow from reduction of the 
bosonic action ( ^^.201 ). In that sense, they can be regarded as higher-order terms. 

The presence of quadratic and linear brane contributions has been established in 
the background calculation of Lukas, Ovrut and Waldram |22, p, 30 1. They have in 



particular computed the gauge couplings for a set of branes located at fixed positions 
along S^. These positions correspond to constant background values of our scalar 
field X. To compare with our result, it is easier (and sufficient) to consider a single 
brane, two gauge couplings and a single modulus T, as in our reduction. The variables 
used by LOW are then the position z along the interval S^ /Zi2 and three charges P^^\ 
(3^"^^ and (3^^^'^ associated with the two fixed planes and the brane. The variable z is 
normalized in the interval [0, 1] and the charges are quantized: /J'-^^ and (3^'^'^ are half 
integers, (3^^^''^ is an integer, and the cohomology (or background) condition implies 
(3^^^ + (3^"^^ + (3^^^'"^ = 0. The gauge couplings found by LOW are then 
^ = Re^+|^ReT[/3W + (l-2)2/3(5b.)], 
^ = Re^+§ReT[-(/?(o)+;5(5b.)) + ;22^(5b.)]^ ^4_22) 
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If ReT[/3(o)+/5(5^-)-;z/5(5b.; 



4 _ ^ = IS Tit.T\R(0) _i_ ^{5b.) _ ^fi{5h.)] 



with a dimensionless (arbitrary) parameter e^ related to the Calabi-Yau volume and 
the S^ radius. Compare these quantities with our expression ( [4.17|) , with M = and 

c" = 1: 

4- = <^ + ReT[/3i'2 + rX2 + 4r/5i'2X], 

(4.23) 
JT-j. = ReT[/3' - f3' + At0' - P^)X]. 

Our parameters are not normalized or quantized. If we merely write X = Xz, both 
sets of equations coincide with the trivial statement r = -^d^^^'^ and the non-trivial 
relations 

^' = -/3' = ^iP^'^ + /5^''-^), A = -^, P2 = 0. (4.24) 

on L 

These equations are predictions obtained from the solution of the background condition 

which specify in parts our four arbitrary threshold parameters. They are specific 

properties of M-theory compactified on 0-j. Our effective supergravity reproduces 

then nicely the background found by LOW. Notice in passing that the dilaton field 

is incorrectly identified in eqs. ( |4.22| ) as the real part of the chiral 5*. We have seen 
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that the correct identification is ip = (4k^C)~^, in the hnear version of the theory. A 
background calculation is not sufficient to reach this conclusion: a constant value z 
of the brane modulus can be the background value of any kind of multiplets (vector, 
linear, chiral). 

4.1 The scalar potential 

We close this section by a discussion of the impact of the five-brane modulus on the 
supergravity scalar potential. 

We first use the chiral version, defined by the Kahler potential ( [4.8|) and the super- 
potential W{M). We concentrate on the potential at M = [^ We however assume 
that the superpotential can be nonzero in this limit: this is the case if the component 
GAijk of the four-form field is a non-zero constant breaking supersymmetry. As usual, 
the potential (in the Einstein frame) reads 



K*V{S,T,S) = e'^WW 



Y,{Ki + W-^Wi){K-^ + W V'^)(irj)-^-3 



ij 



where Ki = |^, K^ = (Ki)* . . ., and zj = {S,T,S). In the absence of the five- 
brane field S, the potential takes the simple form n'^V{S,T) = e^WW. An explicit 
calculation shows that this result is not affected by the contributions of the five-brane 
modulus. The complete scalar potential at M = in the chiral version of the theory 

is then: 

WW 
K^V{S,T,S) = --= ^. (4.25) 

This result can be easily understood in the linear version of the theory, or in the 
original expression ( |4.5| ) of the Lagrangian. The five-brane terms do not include any 
contribution to the scalar potential: we have discussed this point in paragraph 3.4. In 
the linear version, the scalar potential is then completely independent from the brane 
modulus C. This statement would remain true with several five-branes, since each 
contributes by adding to eq. (|4.5| ) a similar term, without any scalar potential. 

The appearance of a dependence in S of the potential in the chiral version follows 
from the chiral-linear duality equation ( [4.21|) . The relation between S and C is modified 
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Since M is a charged field, the potential is always stationary at M = 0. 
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by the five-brane to become 

T{S + 'sf 1 



s + s 



16 T + T 2k2C 

with M = and in the Einstein frame. It is the dependence on C of the scalar 
potential in the linear version which induces a dependence on S in the chiral version. 
As a consequence, the five-brane modulus does not produce a new minimum equation: 

dV _ _T S + ^ dV 
as ~ ~8T + T~dS 

and ^ is not zero. The impact of the five-brane modulus on the effective scalar 
potential is then a simple redefinition of the chiral dilaton field 5* as a function of the 
(unchanged) C of the linear multiplet formulation. 

5 Concluding remarks 

Even if the five-brane is not a perturbative object, it is interesting to consider the 
brane corrections to the four- dimensional effective supergravity from the perspective 
of string perturbation theory. The string loop-counting field is our multiplet V with 
dilaton C, and a ra-loop term in the Wilson Lagrangian is characterized by a fac- 
tor y('^"^i)/2 p8|. According to eq. ( [4.1|) , the kinetic Lagrangian of the five-brane 
modulus multiplet is similar to a one-loop correction, linear in V. The origin of this 
factor is simple: the kinetic terms are normalized by the world- volume induced metric 
y/—g ~ g-3CT-27 ^ CC^"^. Compare now with the one-loop corrections in the modulus 
T, which are completely understood in compactifications of heterotic strings. Two 
kinds of contributions arise 0, ^ . The first is a real gauge-group independent term 
proportional to the Kahler potential — 31og(T + T), the 'Green-Schwarz' term. The 
second one is a gauge-group dependent correction which involves a holomorphic func- 
tion. In the chiral version, the Green-Schwarz term corrects the Kahler potential of the 
S field, it can be regarded as a wave-function renormalization of this field. The second 
term is then a correction to the gauge kinetic functions /°. The similarity with the 
five-brane contributions in the Lagrangian ( [4.1|) is obvious. In the case of the volume 
modulus T, the one-loop corrections can be understood in terms of a cancellation of 
target-space duality anomalies. The analogy suggests that anomalies could also help 
to understand the structure of our five-brane contributions 13! 
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Appendix: Notations and conventions 

Coordinates and metrics: 

For coordinates, our notation is: 

D = 11 curved space-time: x^ M = 0, . . . , 10 

-D = 4 curved space-time: x^ /^ = 0, 1, 2, 3 

S^ /7i2 direction: x'^ 

Calabi-Yau directions, real: x" a = 5, . . . , 10 

Calabi-Yau complex (Kahler) coordinates: z\^ i = 1,2,3 

Five-brane world- volume coordinates: y^ m = 0, . . . , 5 

For reduction purposes, we simply use 

2' = {x^ + ia;'+^) , f = —={x^ - ix^+^) , / = 1, 2, 3. 

eijk is the S'f/(3)-invariant Calabi-Yau tensor with 6123 = £^23 = 1- 
The space-time metric has signature (— , -|-, -|-, . . . , -|-). The reduction of the eleven- 
dimensional metric is defined by 

(e-^-^'^g^, 
gMN=\ e2T-2- I . (A.l) 

V 

Antisymmetric tensors: 

Antisymmetrization of n indices has unit weight: 

^[Mi...M„] = — (^Afi...M„ ± {n\ - 1) permutations 

Differential forms: 

For a p-index antisymmetric tensor, we define 

Ap = -^Am, Mr, dx^' A ... A dx^r 
p\ 

30 




Then, 



ApABg = ^Am,...m,Bm,+,...m,+, dx^' A ... A dx^^''+'' = Cp+g, 

n — JP+lV- A R 

'^Mi...Mp+g — pig! ^[Mi...Mp-DA/p+i...Mp+,]- 



The exterior derivative is d = Dm dx'^^ . The curl -Fp+i = dAp of a p-form reads then 
dAp = jf{dMAN^,„Np)dx^^ Adx^^ A...Adx^^ 
= j^Fm,...m,+, rfx*^i A ... A dx^''r>+i , 

= i9mi^M2...Mp+i ± P cy die permutations . 

The volume form in D space-time dimensions is dx'^^^ A ... A dx'^^^ = ^'^^^-■■■^^0 d^x. 
We use analogous conventions for forms in four space-time dimensions. 
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